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Abstract

This thesis serves as an exposition of the results presented in the paper [3], which I
coauthored with Henry Adams, Adenike Yeside Adetowubo, Hector Barriga-Acosta, and
Ziqin Feng. In this work, we study the homotopy types and homology of Vietoris—Rips
complexes of torus grid graphs. Let 7),, be a torus grid graph consisting of n X n points
on T? equipped with the I' metric. We first compute the homology of VR(T), ,; k) for
1 <n<28and 1 <k < 13. Subsequently, we provide a complete classification of the
maximal simplices in VR(Ts 3x; k) for k > 2, VR(Ts4—13k-1; k) for k > 3, and VR(T}, ; k)
when k£ > 2 and n > 3k. Using these classifications, we establish the homotopy equivalences:
VR(Tsp 365 k) = Ve S for k> 2, VR(Tap—136-15 k) =~ Vg3 52V Vep_p S° for k > 3, and
VR(T},; k) ~ T? when k > 2 and n > 3k.
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Chapter 1

Introduction

Given any metric space X and scale € > 0, we define the Vietoris—Rips complex on X at
scale €, denoted VR(X;€), to be the simplicial complex whose vertex set is X and simplices
are finite subsets ¢ C X with diameter not exceeding e.

Vietoris—Rips complexes were created by Leopold Vietoris [19] in an attempt to extend
early homology and cohomology theories to general metric spaces. In the late 20th cen-
tury, Mikhail Gromov [13] and Elihayu Rips found applications for Vietoris—Rips complexes
in geometric group theory, particularly in the study of hyperbolic groups. More recently,
following algorithmic improvements in the computation of persistent homology [4], Vietoris—
Rips complexes have been used at small scales to study point cloud data in applied algebraic
topology and topological data analysis, see for instance [7, 10]. Vietoris-Rips complexes have
also found applications in a variety of domains, such as medical imaging, computer vision,
and chemical physics, see for example [5, 8, 17].

Motivation for the study of Vietoris-Rips complexes is driven largely by foundational
results of Hausmann and Latschev, which establish when VR(M; €) recovers the homotopy
type of a Riemannian manifold M. Specifically, Hausmann showed that VR(M;€) is homo-
topy equivalent to M for e sufficiently small [15, Theorem 3.5]. Later, Latschev extended
this by proving that, for a metric space Y, VR(Y;€) is homotopy equivalent to M when Y
is Gromov-Hausdorff close to M, for M a closed Riemannian manifold [16, Theorem 1.1].

As such, in recent years, much work has gone towards understanding the topology
of Vietoris-Rips complexes of a variety of spaces. In particular, the homotopy types and

homology groups of Vietoris-Rips complexes have been either entirely or partially classified



for the circle [2], integer lattices [20], hypercube graphs [11], planar point sets [9], geodesic

spaces [21], and Platonic solids [18].

k=11 2 3 4 5 6 7 8 9
=31 vist * * * * * * * *
4 VvITgt | oG8 * * * * * *
5 V2651 VoS54 * * * * * %
6 | vs 3:1,5:12 5:23,82 G * * % %
7 \askh T2 3:1,4:14 3 11:1 * * * *
8 | vest | m [VES2V\ESE 3:1,7:16 (12:0) 3:1 (12:0) 12:259 | s % "
9 ve2gt | T2 3:1,5:36 (9:0) 3:1 (9:0) 7:31,8:183 (9:0) (6:0) * *
10 |vorst| T2 T? 3:21,4:60 3:1,9:20 4:39 (10:0) (6:0) (6:0) s
11 | vi2gt| T2 T? V2 sy g8 3:1,6:22 3:1 (10:0) 4:1,5:4 (5:0) (5:0)
12 | visst| T2 T2 3:1,4:24,5:120 3:1 (9:0) 3:1 (6:0) (4:0) (4:0)
13 | viost| T2 T2 T2 3:27,4:26 3:1,8:26 3:1 (6:0) 3:1 (4:0) (4:0)
14 [ vorst | T2 T2 T2 \TS2 v /288 | 3:1,5:28,6:84 3:1 (6:0) 3:1 (6:0) 4:1
15 | v#est | T2 T2 T2 3:1,4:90 3:1 (4:0) 3:1 (4:0) 4:89
16 | vH7St| T2 T2 T2 T2 3:35,4:34 (6:0) | 3:1,6:64 (7:0) 3:1 (6:0) 3:1 (4:0)
17 | v®0st | T2 T2 T2 T2 \PS2v\1S3 | 3:1,4:34,5:34 3:1 (6:0) 3:1 (4:0)
18 | v3st | T? T2 T? T2 3:3,4:2,5:216 3:1 (6:0) 3:1 (4:0)
19 | vzt | T2 T2 T2 T2 T2 3:39,4:38 (5:0) 3:1 (4:0) 3:1 (4:0)
20 | veorgt | T2 T2 T2 T2 T2 P52V \/" 8% 3:1,4:160 (5:0) 3:1 (5:0)
21 | vi®st| T T2 T2 T2 T2 D VAHEE 3:3,4:2,5:204 3:1 (5:0)
22 v S§t | T2 T2 T? T2 T2 T2 ‘ 3:47,4:46 (5:0) 3:1,4:44,5:44
23 | Vst | T2 T2 T2 T2 T2 T2 /P82 /S8 3:3,4:2 (5:0)
24 | VeS| T2 T2 T2 T2 T2 T2 3:3,4:2, 5:384
25 | ve:st | T2 T2 T2 T2 T2 T2 T2 3:51,4:50 (5:0)
26 | VoSt | T2 T2 T2 T2 T2 T2 T2 VS v\ 8B
27 \/73051 T2 T2 ']IQ T2 T? T2 TZ
28 \/78531 T2 T2 TZ T2 TZ TZ T2 TZ

Table 1.1: Homotopy types of VR(T}, ,,; k). We write i:d as shorthand for H;(VR(T,, n; k); Z/2) =

(Z/2)?. Cells that contain an entry of the form (i:0) have been computed up to the i-th homology

group without yielding additional features.

Cells not containing (i:0) have had the homology

computed up to the greatest i within the cell. All computations were done on Auburn University’s

Easley cluster using Z/2 coefficients in Ripser [4].

Fach distinct colored diagonal corresponds to

a major result discussed in [3]: the 'blue-highlighted diagonal is explained in [3, Section 6], while

the - and [teal diagonals are explained in Section 4.

This thesis aims to clarify a recent continuation of this tradition in [3] that partially

classifies the homotopy types of VR(T}, ,; €) where T}, ,, is an n x n torus grid graph equipped



with the [! metric. Part of the motivation for studying 7T}, ,, with the I! metric is a number
of conjectures arising from homology computations of VR(T}, ,;¢€), see Table 1.1 for known
homotopy types and computed homology groups. For example, the conjecture leading to the
result proving VR(Tsps; k) =~ V=152 in Chapter 4 was born out of homology computations
asserting Hy(VR(Tapak; k); Z/2) = (Z/2)%°~1. For an explanation of column 1, the [blue-
highlighted diagonal, and the contractibility results, we direct the reader to [3].

As the main results of this thesis, we prove that:
1. VR(T,n; k) ~ T? for any k > 3 and n > 3k,
2. VR(Tsp 31 k) > /g2, S? for any k > 2, and
3. VR(Tsp—136-1: k) =~ V3 S* V Vo S° for any k > 3.

The first result is obtained by first classifying the maximal simplices of VR(T}, ,,; k) under the
given conditions. We then construct an open cover of T? whose nerve complex is homotopy
equivalent to T?. Lastly, we apply a result from Adams et al. [3] to show that this nerve
is homotopy equivalent to the complex with the same maximal simplices as VR(T), ,; k),
yielding the result.

The second result is obtained by decomposing VR(T53x; k) into two subcomplexes.
From the first result, it will be immediate that one of these subcomplexes is homotopy
equivalent to T?. Following this, we note that the other subcomplex consists of 6k% 2-
simplices such that the intersection of any two such simplices is at most a vertex. Using
the homotopy equivalence of 2-simplices and discs, we attach 3%k% discs to T? with their
boundary circles attached longitudinally and the other 3k? discs are attached along their
boundaries horizontally such that they cover the central hole of T?. By induction, this yields
that VR(Tak3x; k) =~ Ve S%

Finally, the third result is obtained in a manner analogous to the second. We begin

by decomposing VR(T5,_13k—1; k) into two subcomplexes. As in the second result, one of
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these is homotopy equivalent to T?. The other consists of 2(3k — 1)? tetrahedra, which we
further divide into 6k — 2 subcomplexes of VR(T5,-13k—1;k). By a result of Adamaszek
from [1, Corollary 6.7], each of these 6k — 2 subcomplexes is homotopy equivalent to S3.
We then show that attaching these subcomplexes sequentially to T? contributes a wedge
summand of S? V S? at each step. Inductively, this yields the final homotopy equivalence:
VR(Tse-1.30-15 k) = Vg3 9% V Vg_p 57

Additionally, based on the above homology computations, we conjecture that for n > 3
the reduced homology of VR(T13,,—23,—2;n) is nontrivial only in dimensions 3 and 4.

We start with preliminaries in Chapter 2. Following this, in Chapter 3, we classify the
maximal simplices for VR(T}, ,,; k) when k& > 3 and n > 3k, VR(T5x3,; k) when k& > 2, and
VR(Ts5-13k-1; k) when k£ > 3. We conclude in Chapter 4 by using our maximal simplices
classifications to show that VR(T}, ,;k) ~ T? when k > 3 and n > 3k, VR(Ts31; k) =~
Vege_y S% for k> 2, and VR(Tae_135-1; k) = Veos S?V Vo S° for k > 3.



Chapter 2

Preliminaries

In this chapter, we present definitions, theorems, and notation related to metric spaces,
graphs, simplicial complexes, and general topology that will be used throughout the remain-

der of this work.

2.1 Metric Spaces

The primary metric space we are concerned with in this paper is the 1! metric, also

called the Manhattan metric, on Z? or T, where

d((z1, 1), (T2,92)) = |21 — 22| + |y1 — ¥2].

For convenience, we let d represent the I' metric on both Z? and T, ,,.
We denote open balls and closed balls in the metric space X, centered at x € X with

radius r > 0, by

Bx(z,r)={y € X :d(z,y) <r} and Bxlz,r]={ye€ X :d(x,y) <r},

respectively. When there is no ambiguity in the metric space X, we omit the subscript and
write B(xz,r) for open balls and Blz,r| for closed balls.
Finally, the diameter of a subset X C Y is defined as diam(X) = sup{d(a,b) : a,b €

X}. If diam(X) is not finite, then we set diam(X) = oo.



2.2 Graphs

A graph is a pair G = (V(G), E(G)), where V(G) is the vertex set, consisting of
elements called vertices, and E(G) is the edge set, consisting of unordered pairs {v, w} with
v,w € V(G). A clique in G is a subset C' C V(@) such that {v,w} € E(G) for all distinct
v,w € C. A graph G is said to be connected if for every pair of vertices v, w € V(G), there
exists a path (a sequence of edges) connecting v and w.

For a connected graph G, the shortest path metric is the function dg: V(G)xV(G) —
N defined by letting dg(v, w) be the length of the shortest path between v and w in G. This
definition extends to arbitrary graphs by setting dg(v,w) = oo if there is no path from v to
w.

Given a graph G and a positive integer k, the k-th power of G, denoted G*, is the
graph with vertex set V(G*) = V(@) and edge set E(G*) = {{v,w} : dg(v,w) < k}.

For an integer n > 3, the cycle graph C), is the graph with vertex and edge set

V(C) =1{0,1,....,n—1}

E(C,) ={{i,i+1}:0<i<n—-2}U{{n—1,0}}.
Given graphs G = (V(G), E(G)) and H = (V(H), E(H)), the Cartesian product
GUH is the graph defined as follows:
1. V(GOH) =V(G) x V(H),
2. Two vertices (v,v"), (u,u') € V(GOH) are adjacent if and only if either

—v=uwand {V,u'} € E(H), or

- v =4 and {v,u} € E(G).



2.3 Torus Grid Graphs

Let T,,,, be an n x n graph on a torus, that is 7,,,, € S' x S'. While this definition is

entirely sufficient for intuition, we work with the following construction.

Definition 2.1. Let G,, = nZ x nZ where nZ = {nm : m € Z}. The group G, acts on Z?
by g (z,y) = (x + i,y + j) where g = (i,j) € nZ x nZ. By construction, it is clear that
T,.n is isometric to Z%/G,, equipped with the quotient metric. Thus, we define a torus grid

graph as the quotient Z?/G,,, where G,, = nZ x nZ.

As noted above, we use d to represent the [* metric on both Z? and the quotient Z?/G,,.
Denote 7, (z,y) = ([z], [y]) where 7, is the quotient map Z* — Z?/G,,. The metric on Z?/G,,
satisfies d(([«], [y]), ([w], [2])) = min{d((z','), (w',2")) : (z",¢) € ([z],[y]) and (v, 2) €
([w], [2])}. Moreover, for any two points (2, y'), (", y") € ([z], [y]), we have d((z', V'), (", y")) >
n.

More generally, the torus grid graph 7, ,, can be defined as the Cartesian product
C,ac,,.

Figure 2.1: 12 x 12 torus grid highlighted by the red vertices and black edges.



2.4 Simplicial complexes

Given aset V = {vg, v1,...,v;} in R¥*! an affine combination is a linear combination
0 ) y Vk )

k k
Z a;v;  such that Z a; = 1.
i=0 1=0

The convex hull of V is the set of all affine combinations with a; > 0 for all i. The set V is
affinely independent if no point in V' is an affine combination of points in V. Equivalently,
V is affinely independent if whenever Z?:o a; = 0 and Zf:o a;v; = 0, it follows that a; = 0
for all 2.

A k-simplex o is the convex hull of k + 1 affinely independent points in R¥T!. If V is
affinely independent, then the k-simplex 7 determined by V' is the convex hull of its points,
and each element of V' is a vertex of 7. A face of ¢ is a simplex 7 satisfying 7 C o.

The standard k-simplex in R¥*! is the convex hull of the points (a;)%, where a, = 1
for exactly one n € [k] and is zero elsewhere. These points are the standard basis vectors
of R¥*! and they form the vertices of the standard k-simplex. Geometrically, a 0-simplex
is a point, a l-simplex is a line segment, a 2-simplex is a triangle, and a 3-simplex is a
tetrahedron.

A simplicial complex K in R**! is a finite set of simplices satisfying:
1. Every face of a simplex ¢ in K is in K, and
2. Given two simplices 0,7 € K, either cNT=0oroN7CoandoNt CT.

An abstract simplicial complex K consists of a set of vertices, say Vi, and a set Sk of

nonempty subsets of Vi called simplices satisfying the following:
1. For any 0 C Vi, if 7 C o, then 7 € Sk, and

2. For each v € Vi, {v} € Sk.



The simplicial complex K is a subcomplex of K, denoted K; C K, if Vi, C Vi and
Sk, € Sk. A subcomplex Kj; is full in K if for every o € Sk such that o C Vk,, we have
o€ Sk,.

Given a graph G = (V(G), E(G)), the clique complex of the graph G, denoted Cl(G),
is the simplicial complex with vertex set V(G), and o C V(G) a simplex if and only if o is

a clique.

2.5 CW complexes

A standard unit ball in R? is defined to be B¢ = {z € R? : ||z|| < 1} where || - ||
denotes the standard Euclidean norm. The standard unit sphere is the boundary of B,
given by St = {z e R?: ||z|| = 1}.

A finite-dimensional CW complex X is a topological space constructed by successively
attaching cells of increasing dimension. Formally, X is the result of a sequence of topological
spaces

XoCXiCXpo G- CX,, =X

= Y

where each X; is called the i-skeleton of X. The construction of X begins with X, a
discrete set of points. For each i > 1, the i -skeleton X is obtained from X;_; by attaching
i-dimensional balls B? to X;_; via gluing maps v : S*~! — X;_;. The interiors of the attached

balls form the 7-cells of X.

2.6 Vietoris—Rips complexes

Definition 2.2. Let X be a metric space with distance function d. The Vietoris—Rips
complex with parameter € > 0, denoted VR((X, d);€) or simply VR(X;¢), is the simplicial
complex defined as follows:

1. X is the vertex set of VR((X,d);¢), and

9



2. A finite subset o C X is the vertex set of a simplex if diam(c) < e.

(a) Underlying graph G (b) VR((G,dg); 1)
Figure 2.2: Vietoris-Rips complex of a graph G equipped with the shortest path metric. The red
vertices are 0-simplices, the black edges are 1-simplices, the light blue triangles are 2-simplices, and

the dark blue tetrahedra are 3-simplices.

Given a graph G = (V(G), E(G)) equipped with the shortest path metric dg, we observe
that the clique complex of G*, denoted CI(G*), is equivalent to the Vietoris-Rips complex
VR((V(G), dg); k).

2.7 Nerve complexes

Let X be a topological space. Given a finite collection of sets U = {U,}aca with each
U, C X, the nerve complex of U is the simplicial complex N (U) whose vertex set is the
index set A, and where a subset {ag, aq, ...,ax} C A spans a k-simplex in N(U) if and only

if Upy NUqny N oo N U, # 0.

Theorem 2.3 (Nerve Theorem). Let U be a collection of open sets in a metric space X with
UU = X. If every nonempty intersection (\;_, U, is contractible, then the nerve simplicial

complex N (U) is homotopy equivalent to X .

10



This version of the nerve theorem follows from [14, Corollary 4G.3] since every metric

space is paracompact.

2.8 Homology

Given a simplicial complex K, we define A, (K) to be the free abelian group consisting
of finite integral combinations of the oriented n-simplices in K. The boundary homo-
morphism 0, : A,(K) — A,_1(K) is a function that maps each oriented n-simplex to a
linear combination of its (n — 1)-dimensional faces, each with an appropriate sign to respect
orientation, such that 9,1 o 9,, = 0. The collection of all A;(K) connected by boundary

homomorphisms, 0;, form a chain complex

2 A (K) 255 AL (K) 25 A, 1 (K) 275 o 25 A (K) 25 Ag(K) — 0
where 0; 0 9;11 = 0 for each 1.
The i-th homology group (with Z coefficients), H;(K), is defined to be the quotient
group Kerd;/Imd;;;. Moreover, the i-th Betti number f;(K) is the rank of H;(K), i.e.
Bi(K) = rank(H;(K)).

2.9 Homotopy types

Given two continuous maps f, f': X — Y, we say that f is homotopic to f’, written
f =~ f', if there exists a continuous map F : X x [0,1] — Y such that F(z,0) = f(z) and
F(xz,1) = f'(x). The map F is called a homotopy between f and f’. If f’ is a constant
map and f ~ f’, then f is said to be nullhomotopic.

Given two topological spaces X and Y, we say X is homotopy equivalent to Y,
denoted X ~ Y, if there exist continuous maps f : X — Y and f' : Y — X such that

fof ~1y and f'o f ~ 1x. Intuitively, two spaces are homotopy equivalent if each space

11



can be continuously deformed into the other. A topological space X is called contractible
if it is homotopy equivalent to a point.

An example of homotopy equivalence that appears in Chapter 4 is in the context of
suspensions. The plain suspension of X, denoted SX, is defined as SX = (X x[0, 1])/(X x
{0})/(X x{1}). In essence, we take a cylinder over X and collapse each end to a point. The
reduced suspension of X is obtained by further collapsing the line {z} x [0, 1] for some

v € X, that is, D(X) = SX/{z} x [0,1].

e s e

(a) S (b) S* x[0,1] (c) S(s1)

Figure 2.3: Step-by-step sequence of taking the plain suspension of S*.

As illustrated in Figure 2.9, it is easy to see that S(S') is homotopy equivalent to S2.
More generally, it is well known that S(S™) ~ S"*!. Additionally, for a CW complex X, we

have that (X)) ~ S(X) (see [14, 0.10]).

12



Chapter 3

Maximal Simplices

In this chapter, we aim to determine the maximal simplices of each of the following

complexes in terms of facets in VR(Z?; k):
1. VR(T),n; k) for any k& > 3 and n > 3k,
2. VR(Tsk 313 k) for any k > 2, and
3. VR(T3x—13k-1; k) for any k > 3.

To begin, we prove some results pertaining to the construction of 7,,,, present in Defini-

tion 2.1.

Lemma 3.1. Fiz n > 2k. Suppose that d(([a],[b]), ([c],[d])) < k. Then for any (a’,b') €

([a], [b]), there exists a unique (¢, d’) € ([¢], [d]) such that

d((d, V), (¢, d")) = d(([a], [V]), ([c], [d])) < k-

Proof. Fix (a/,0') € ([a],[b]). It is clear that there exists (¢,d’) € ([c],[d]) such that
d((a',0),(d,d)) = d(([al],[b]), ([c],[d])), so we need only show uniqueness. By construc-
tion, any other (¢’,d”) € ([c],[d]) must be such that d((¢,d'),(¢",d")) > n > 2k. By the

reverse triangle inequality,

d((alv bl)ﬂ (C”7 d//)) = |d((a/7 b/)v (Clv d/)) o d((clv dl)? (Cuv dl/))‘ > ’k o 2k| = k.

So, (¢, d’) is unique. ]

13



Lemma 3.2. Let o be a facet in the complex VR(Z* k). Forn > 2k+1, 7,(0) is a facet in

VR(m,(Z?); k).

Proof. We let x be an element in Z? and [x] = m,(z). Clearly, 7,(c) is a simplex in
VR(7m,(Z?); k). Suppose that m,(c) is not maximal. Then pick [y] ¢ m,(c) such that
d([y], [z]) < k for all x € 0. Then by Lemma 3.1, for each x € o, there is a unique y, € [y]
such that d(z,y,) < k. If all of the y, points are the same, then o U {y,} is a simplex in
VR(Z?; k), which contradicts with the maximality of 0. Otherwise suppose that there are
more than one such y,. Let A be the set containing all such y, associated to some z. Since
each x € o must correspond to a unique y,, we partition A into sets based on the associated
Y. It is easy to see that there can be no 2/ € o such that d(z',x) > 1 for all x € o.
Hence, for some two points, say z/,2" € o, we must have d(z/,2") = 1 while y, # Y.
Then d(yu, Yo ) < d(ypr, ') +d(2, 2") + d(2", y,n) < 2k + 1, which contradicts the fact that

d(Yur, yor) > n > 2k + 1. For a proof using the maximal simplices in VR(Z?; k) see [3]. [

Lemma 3.3. Let  and y be elements in Z* with 7,(Bgz[x, k] N Byaly, k]) = 7, (Bgz[z, k]) N
7n(Bzzly, k]). Then any facet T in VR(m,(Z?); k) containing [z] and [y] is in the form of
mn(0) for a facet o € VR(Z?; k) if one of the following holds:

(1) 2 <d(z,y) <k andn>3k—1, or
(1) 1 <d(z,y) <k and n > 3k.

Proof. Suppose (i) holds and denote Byz|x, k| by B[z, k] for any x € Z? and k > 0. Fix a facet
7 in VR(7,(Z?); k) containing [x] and [y]. We first show that Bz g, [[z], k] = m,(Blx, k]) for
cach x € Z* when k > 1. Let [z] € By, [[z], k]. Then d([z],[z]) < k, so by Lemma 3.1,
there exists some z, € [z] such that d(x, z,) = d([z], [z]) < k. Since z, € Bz, k|, then [z] €
T (Blz, k]), so Bgzjq, [[x], k] € m,(Blx,k]). The reverse containment is immediate. Since

7 € VR(m,(Z?); k), then the above equivalence implies that 7 C m,(B[z, k]) N7, (Bly, k).
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Next, applying Lemma 3.1, for each [z] € T, pick z, to be the unique element in [z] such
that d(x, z,) < k. Note that, since d(x,y) <k, y, =y. Let c = {z} U{z, : [z] € T and 2z #
x}. By construction, it is clear that 7 = m,(0). We claim that o is a facet in VR(Z?; k).

There are two important observations about the integer grid Z? with the {!-metric. By
the triangle inequality, for any z,2’ € Z?, if d(z,2') < 2k — 2, then d(z,2") > k + 1 for any
2" € m,(2') with 2" # 2/ since d(2/,2") > n > 3k — 1. Also for any z,2’ € Bz, k] N Bly, k],
we have d(z, 2") < 2k — 2 by elementary geometry and the fact that d(z,y) > 2.

We now show that o is a simplex in VR(Z?3 k). First, we prove that d(z,,y) < k
for any 2z, € 0. Suppose, for the sake of contradiction, there exists some z, € o such
that d(z,,y) > k. We know that z, # z as d(z,y) < k. Since z, € o, then [z] € T, so
there must exists some z, € [z] such that d(z,,y) = d([2],[y]). By the triangle inequality,
n = d(zy,2y) < d(zy, ) +d(x, z,), which implies d(z,,z) >n—k >3k—1—k =2k —1. So,
zy & B[z, k], and by assumption, z, € Bly, k|. Moreover, it is clear that 2’ ¢ B[z, k]N Bly, k|
for all 2 € [z] as each 2’ has d(2/,z,) > n and d(?,z,) > n. Thus, [z] € m,(Blz, k] N
Bly, k]) = m,(B|x, k]) N7, (Bly, k]), contradicting that 7 C m,(B|x, k]) N7, (By, k]). Hence,
o C Blz,k] N Bly,k]. Next we show that d(z,,z.) < k for any [z],[¢/] € 7. By the
observations, d(z,, z.,) < 2k — 2. For any other element z” € [2/], we have d(z,,2") > k+ 1.
Notice that d([z],[2']) < k. Then, by Lemma 3.1, d(z., z,,) = d([z], [#]).

Lastly, we show that o is maximal. Suppose, for the sake of contradiction, that there
exists a point zy € Z? not in o such that d(zo,z) < k for all 2 € o. Then d([z], [2]) < k, and

since n > 3k — 1, [20] # [2] for any [z] € 7. This contradicts the maximality of 7. O

Since T, ,, can be expressed as Cartesian product C,,[JC;, equipped with the shortest
path metric, we next classify the maximal simplices of VR(C,,; k), equivalently C1(C¥). Ge-
ometrically, this is equivalent to classifying the maximal simplices taken from a cross-section
of the tubular portion of 7,,,,. In doing this, we determine two distinct types of maximal

simplices:
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1. o} = {v;, Vitk, Vitar }, which are maximal in VR(T534; k), and
p . . . _
2. o = {v;, Vitk, Vitok—1, Viyar }, which are maximal in VR(T55_135-1; k).

We first clarify some notation. Let K be a simplicial complex, and let M(K) denote
the collection of maximal simplices in K. Consider the cycle graph C,, with vertex set
{vo,v1,..., 0,1} where v;,v; € E(C,,) for |i—j| =1 mod n. Next, foreachi € {0,1,...,n—
1}, let 0y = {v;, vit1, ..., visk} Where each indices are reduced modulo n as necessary. It is
easy to verify that o, € M(VR(C,; k)) for all i. Below, we classify the maximal simplices of
VR(C,; k) when n > 3k, n = 3k, and n = 3k — 1.

Lemma 3.4. We have
{o;:i=0,...,n—1} for n > 3k,

M(VR(Cp;k)) =4 {o;:i=0,....n—1}U{o}:i=0,....n—1} forn=3kk>2,

{o;:i=0,...,n—1}U{o/:i=0,...,n—1} forn=3k—1k>3,

where o, = {v;, Vizg, Vizar} and ol = {v;, vk, Vigor—1, Vitor }, with all indices taken modulo

n.

Proof. When n > 3k, it is clear that the simplices of type o; are maximal. So, we need only
to verify that there are no other facets.

Let 0 € M(VR(Cy;k)). We define the arc of a vertex v; in C,, as the set of k + 1
consecutive vertices starting at v;, i.e., {v;,vit1,...,vi1x}. Fix a vertex v; € o, and note
that all vertices in o must lie in B, [v;, k]. In this proof, for convenience, we use Blv, k] to
denote B, [v, k] for any vertex v € C,, and k > 0. Let v, € o be such that d(v,,v;_x) =
min{d(v;, v;_x) : v; € o}. We claim that every vertex in ¢ must be contained in the arc of

vy. To verify this, we have two cases to check: v, = v; and v, # v;.
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Vg U3 Vg U3

V6 U1 Ve U1

v7 V10 v V10

Vg Vg Ug Vg
Figure 3.1: Visualization of n = 10 case where vg is the vertex in o closest to vj_j = vg_3 = vs.

The left diagram highlights B[vg, 3] in red, while the right diagram displays the arc of vg in blue.

Suppose v, = v;. For the sake of contradiction, assume that o contains a vertex vy not
in the arc of v,. Then vy € Blvj, k] and vs & {vj_j,vj—k+1,-..,0j_1} as v is the closest
point in ¢ to v;_;. Hence, vy & Blvj, k| as vs & {vj_k, Vj_kt1, - -, Vi1 FU{V;, Vi1, - -, Uik }s
contradicting that vy € Blv;, k]. Hence, o must be of the form o;.

Suppose v; # vj. It is easy to see that vy € {v;_,...,v,_1} as otherwise d(vi,v;_) >
d(vj,vj_) = k. Again assume that o contains a vertex v, not in the arc of v;. Since v, is
the vertex in o closest to vj_, then vy € Blv;, k]\{vj—k, Vj—g+1, .., Vet }. We claim that
d(vi,vs) > k. Note that d(vs,v;) is the minimum of the distances from v to v; measured
in the clockwise and counterclockwise directions. The counterclockwise distance passing
through v; is clearly greater than £ since v, is not in the arc of v,. Moreover, the clockwise
distance is greater than k as the distance between the endpoints of Blv;, k] is minimally
k + 1. Thus, in either case d(v;,vs) > k, contradicting that vy € o. Consequently, all
o € M(VR(C,; k)) must be of o; type.

When n = 3k, there are two types of facets. Denote o, = {v;, Vi, Vizar}, with all
indices taken modulo n. We claim M (VR(C,;k)) ={o; : i =0,1,....,n =1} U {0} : i =
0,1,...,n—1}.

Once again, it is evident that each o; is maximal in this case.
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V4 V3 V4 V3
Us V2 Us V2
Ve (%1 V6 V1
v7 U10 v7 U1
Ug V9 Us V9
k4

Figure 3.2: Continuation of the above case, illustrating the minimal distances in both the clockwise
and counterclockwise directions from vg to vertices in Blvg, 3] that are not in the arc of vg. These

vertices are highlighted with green outlines for clarity.

We next show that each o] is maximal. Let o} = {v;, vk, visor}. Suppose that o) is
not maximal. Then it must be contained in a larger simplex, say 7. Let v; € 7\oj. Then
v; is between some pair of vertices in o;. Without loss of generality, suppose v; is contained
in the arc between v; and v;y. It is clear that d(v;,vitor) > k + 1, contradicting that
7 € VR(Cy; k). Hence, the simplices of the form o] are maximal.

Therefore, it suffices to show that any facet not of the form o; must be of the o}
type. Let 0 € M(VR(C,;k)), and fix a vertex v; € o. Next, choose v; € o such that
d(vg, vj_g) = min{d(v;, vj_x) : v; € o}. We claim that if d(v;,v;) < k, then o is of the form
;. Otherwise, if d(v;, v;) = k, o is either of type o} or o;.

For the first assertion, if 0 < d(v, v;) < k, the argument is identical to the n > 3k case.
If instead d(v,v;) = 0, then o C {v;,vj11,...,vj1x}, and since o is maximal, o must be of
the form o;.

For the second assertion, suppose d(v,v;) = k. We have the following two cases to

check: v; = v;_j or vy = Vj44.
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If vy = vj4k, then & = min{d(v;,v;_) : v; € o}. This forces o to be of the form o; as
o CH{vj,vj41, .-, Vjyk}-

Suppose ¢ is not of the form o;, and let vy € o\{v, v;}. If v; = vj_y, then we claim
vs € {Vj41,...,0j4k}. Suppose instead vs € {vj_ji1,...,v;1}. If b = 2, then vy = v;_q,
which yields o = {vj_3,v;_1,v;}, a contradiction. If k& > 3, then since o is not of the form
0;, simplex ¢ must contain a v; € {vj41,...,vj4x}. The only v; € {vj41,...,vj4x} that is
within &k of both v; and v;_ is v;4;. However, d(vs,v;4x) > k, a contradiction. Hence,
vs € {Vj41,...,0j4x}. Moreover, it is clear that v, = v, as otherwise d(vj_g,vs) > k.
Hence, o is of type o..

U3 v3
V4 Vg

V9 V2
Vs Vs
U1 U1
U6 Ve

V9 V9

U7 g
Ug Us

Figure 3.3: Visualization of n = 9 case where v7 corresponds to v; and vy corresponds to v;j_g.
The left diagram highlights Blvz, 3] in red, along with all potential v, € {vj41,...,vj4&}, which are
highlighted in green. The right diagram illustrates that vy, which is v;4, in this case, is the only

vertex within & of v4.

When n = 3k — 1, there are two types of facets. Denote 0! = {v;, viyk, Vitor—1, Vitok }s
with all indices taken modulo n. We claim M(VR(C,;k)) ={o; :i=0,1,...,n—1}U{o} :
i=0,1,...,n—1}.

The reasoning for this case follows a similar approach to that outlined in the n = 3k

case. So, we only show that the simplices of type ¢! are maximal.
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Suppose that some ¢! is not maximal. Then ¢/ must be contained in a larger simplex,
say 7. Let v; € 7\o/. Note that v; must be on an arc between one of the following pairs:
{vi, Vigr }, {vitk, Vigor—1}, or {vi,viior}. If v; is on the arc between {viig, vitor—1}, then
d(vj,v;) > k + 1. Similarly, if v; is between {v;, vitor }, then d(vj, vitop—1) > k + 1. Finally,
if v; is a vertex on the arc between {v;,v;1}, we argue that either d(vj,v;yor) > k or
d(vj, Vigop—1) > k.

Suppose that d(v;, vitor) < k. Since d(v;, viyor) = k—1, d(v;, viyar) = k. Consequently,

d(vj, Vitox—1) = k + 1, which contradicts the assumption that 7 € VR(C,,; k). Therefore, the

simplices of the form ¢! are maximal in this case. O
U3 (O
V4 V4 V3
(o V2 V9 Vs Vs
Us
Us U1 U1 Ve v1
Ve
U7 V10
6 v8 9
U7
U7 vg Us V9

Figure 3.4: Example facets in VR(Cs;3), VR(Cy;3), and VR(Cio;3)

Lemma 3.5. Fix different x = (a,b) and y = (a’, V') in Z* such that their distance is at most
k. Then, m,(Bgz[z, k] N Byzly, k]) = m,(Bzz2|x, k]) 0w (Bgzly, k]) if either of the following
holds:

(i) n > 3k.
(ii) n >3k —1,a#d, and b # V.

Proof. To begin, let B[z, k| = Bgz[z, k]. Inboth case (i) and (ii), the containment 7, (B|z, k|N
Bly, k]) C m,(B[z, k]) N m,(Bly, k]) can be shown as follows. Let [z] € m,(B|x, k] N Bly, k]).
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Then there exists some z; € [z] with z; € B[z, k] N B[z, k]. Since z; € B[z, k|, then [z] €
o (Blz, k]). Similarly, [z] € 7, (Bly, k|), so m,(B[x, k] N Bly, k]) C m,(B[z, k]) N7, (Bly, k]).
Below, we show the reverse containment for each case.

(i) Let [2] € mn(Bla, k]) N, (Bly, k]) = Bu2sq,[[x], k] N Bzzye, [[y], k]. By Lemma 3.1,
there exists unique elements z,,z, € [z] such that d(z,,z) < k and d(z,y) < k. We
claim that z, = z,. If z, # z,, then, since z,,z, are distinct elements in [z], we have
d(zz,zy) > n > 3k. However, by the triangle inequality, d(z,,z,) < d(z,z) + d(z,y) +
d(zy,y) < 3k, so we must have z, = z,. Therefore, z, = z, € B[z, k| N Bly, k|, which yields
2] € mn(B[x, k] N Bly, k), as desired.

(i) Let [2] € mn(Blx, k) N1, (Bly, k]) = Bzzjc,[[x], k] N Bzzja,[[y], k]. As in (i), there
exists unique elements z,, z, € [2] such that d(z,,z) < k and d(z,,y) < k. We claim that
Zy = Zy. Suppose z, # z,. Then d(z;,z,) > n > 3k — 1, and d(z;,2,) < d(zp, ) +
d(z,y) + d(z,,y) < 3k. So, either d(z,,z,) = 3k — 1 or d(z,, z,) = 3k. We first prove the
d(2s, zy) = 3k — 1 case.

If d(2y,2,) = 3k — 1, then n < d(z,,2,) =3k —1 <n, son=23k—1. Since d(z,, z,) =
3k—1and n = 3k—1, we have z, = z,£(n,0) or z, = z,£(0,n). Without loss of generality,

suppose that z, = z, + (n,0), i.e., z, is a horizontal translation of z, by n.

. . . ° . . . . . . . . . . . o 7
. . ° ° ° . . . . . . . . . . e 6
. ° ° . . . () . . . . . e 5
Zg zy
. @ ° ° ° ° ° . ° ° ° o 4
X
° e ° . . . . . . . . . o 3
° ° ° ° o . ° '3 . . . . ° ° o 2
. L2 . * L2 L2 . . . . . . . L L2 . 1
. . . . . . . . . . . . . . . e 0

Figure 3.5: B[z, k| in k = 3 case with z, and z,.
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Since d(z,, ) < k and d(z,,y) < k, we have z,, z, € Bz, k|UBly, k]. We claim that the
maximum distance between any two points on the same line in B[z, k]U By, k] is 3k — 2. To
show this, we will maximize the distance between two points that lie on the same horizontal
line; the vertical case follows similarly.

First, the diameter of B[z, k] U Bly, k] is 2k. To maximize the horizontal diameter of
Blz, k] U Bly, k] under the stipulation that a # @, and b # V', we let y = (a+ (k—1),b+ 1).
Clearly, B[y, k| extends the central horizontal line by k& — 2 units. Hence, the maximum

distance between two points that lie on the same horizontal line in Bz, k] U B[y, k] is 2k +

° ° ° ° o . ° ° '3 ° ° ° o 7
° . ° ° . '3 '3 ° ° e 6
@) °
° (® ° . ° ° '3 ° . e 5
Zx Y Zy

Py @)

® & . ° . ° '3 o . o 4

x

° ° '3 . . '3 '3 ° . o 3
. . 04 ° . ° ° ° ° ° . . . o 2
. . . ° . . . . . . . . . . . o 1
° '3 ° ° '3 . . . . . . . . . . e O

Figure 3.6: Bz, k] U B[y, k] in k = 3 case with z, and z,.

However, since z,, z, € B[z, k]U B[y, k] and since z,, z, differ by a horizontal translation
of length 3k — 1, we have a contradiction. Hence, we must have z, = z,, which implies that
2, = 2y € Blx, k] N By, k]. So, [z] € m,(Blx, k] N Bly, k]), as desired.

If d(zy, zy) = 3k, then d(z,, z,) = 3k > n > 3k — 1. Since d(z,, z,) must be a multiple

of n, then n = 3k. Repeating the argument above yields the desired result. O]

We let M, denote the collection of maximal simplices in VR(T,, ,,; k) inherited from
VR(Z?% k), i.e.
M, = {m,(c) : 0 is a facet in VR(Z*; k)}.
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Additionally, we let N 5, be the collection of triangles in the quotient space, i.e.

Al

k) }
Ll

al,[b
Nas = {11

——

([t kL[] ([t 2k B} B
(alpik]) (o pron)y © 0 < a0 <3k 1} :

Lemma 3.6. For any k > 2, the collection of maximal simplices in VR(Tsy ax: k) is Mayp U

Nay 1.

Proof. Firstly, by lemma 3.2, M3, C M(VR(Tsk3x; k)). Additionally, it is easy to verify
that Napp © M(VR(Tak3k5k)), 0 Mapp U Nagre © M(VR(Ts,305 F))-
Conversely, let 7 € M(VR(Tsk3,; k)). We want to show that 7 is in My, U Naj . To

do this, note that 7 must satisfy exactly one of the following:
1. There exist [z] = ([al, [0]), [y] = ([c],[d]) € T such that [a] # [c] and [b] # [d];
2. All elements in 7 have the same first or second coordinate.

To verify case (1), assume, without loss of generality, that * = (a,b), y = (c,d), and
d(z,y) = d([z],[y]). Since [a] # [c] and [b] # [d], then a # ¢ and b # d. Moreover, this
implies that 2 < d(z,y) < k, so by Lemma 3.5, 7, (Bgz[z, k| N Bgzly, k]) = m,(Bzz[x, k]) N
7n(Bzz[y, k]). Then by Lemma 3.3, 7 is of the form m,(c) for some o € M(VR(Z? k)). Thus,
T € Msy i

For case (2), without loss of generality, assume that all elements of 7 have the same first
coordinate, say [a]. Let L be the full subcomplex of VR(T3 3; k) with vertices all having
first entry [a]. Notice that L is isomorphic to the clique complex Cl(C%,), where Csy, is a
cyclic graph. By Lemma 3.4, C1(C%,) has two types of maximal simplices. It is easy to see
that, of those two types, only those of the form {([a], [b]), ([a], [b+k]), ([a], [b+ 2k])} for some

0 <b <3k —1 are maximal in VR(T%; 3x; k). Hence, 7 € N3, as desired. O
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We let N3i_1 5 be the collection of tetrahedra in the quotient space, i.e.

— JA([a],[8]),([a+F],[b]),([a+2k—1],[b]),([a+2K],[B]) } . _
N3k—1,k - {{([a ) } o 0 S a,b S 3k 2} .

b
1,(6]),([a],[b+k]),([a],[b-+2k—1]),([a], [o-+2K])

The following two lemmas are analogs of Lemma 3.6.
Lemma 3.7. For any k > 3, the collection of facets in VR(Tsi—131—1; k) ts Map_1 xUN3p_1 -

Lemma 3.8. For n > 3k, the collection of facets in VR(T, .3 k) is M, k.
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Chapter 4

Homotopy Types

In this chapter, we prove each of the following cases
1. VR(T,n; k) ~ T? for any k > 3 and n > 3k,
2. VR(Tsp31; k) 2 /g2, S? for any k > 2, and
3. VR(Ts—136-1; k) = V352V Vo S° for any k > 3.

For case (1), an outline of our proof goes as follows. We first recall that, by Lemma 3.8,
M(VR(T,n; k)) = M, when n > 3k and k > 3. Next, using the homeomorphism T?
R?/G,, and the projection map 7, : R? — R?/G,, as defined in Definition 2.1, we construct an
open cover U of T2. Each open set in U is of the form 7,,( Be (z, %)) for some x € Z2. Using
the identity m, (BRz (x, %)) Ny, (BRz (y, %)) =T (BRQ (J;, %) N By (y, %)), we then
show that every nonempty finite intersection of sets in U is contractible. Consequently,
Theorem 2.3 implies that the nerve N(U) is homotopy equivalent to T2

To relate this to the Vietoris—Rips complex, we use the following result from [3, Corol-

lary 4.3]

Lemma 4.1. Let k > 0 be an integer. Then o C Z?* is a simplex in VR(Z?; k) if and only

Zf manBRQ (U, k—;l> # @

Using Lemma 4.1 in conjunction with the identity noted above, we conclude that VR(T,, ,,; k)
is homotopy equivalent to N(U), and hence, VR(T}, ,; k) ~ N(U) ~ T=.
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Theorem 4.2. Suppose k > 2. For any n > 2k, let K be the complex with facets M, .
Then K is homotopy equivalent to the torus T?. Hence, when k > 2 and n > 3k, VR(T,,.; k)

is homotopy equivalent to the torus T2.

Proof. Using a construction analogous to Definition 2.1, it is easy to see that R?/G,, is

homeomorphic to T?. Let 7, : R* — R?/G,, be the canonical quotient map, and define the

U - {wn (BRz (g; k?)) CR?/G, :z € ZQ}.

We claim that the intersection of any finite subcollection of U is either empty or contractible.

cover

Firstly, notice that Bge(z, %) has diameter k£ + 1, and since &k > 2, n > 2k > k + 1.

So, T, (Bg2(z, %)) does not overlap itself when wrapped around the torus. From this, it’s

clear that 7, (Bg2(z, %)) is homeomorphic to Bgz(z, %)

Next, consider a finite subcollection A C {Bge(z, 52) : z € Z*} with NA # (. Since
each element of A is open and convex, then NA is open and convex. Hence, NA is con-
tractible. Moreover, since n > 2k and k > 2, an argument analogous to Lemma 3.5 yields
Tn(Brz (2, B51)) N 71, (Bra (y, ) = 70 (Bre(z, 21) N Bge(y, &), Thus, it is easy to see
that N.A is homeomorphic to m,(N.A). To be explicit, the restriction of m, to an n x n grid
containing N.A is a homeomorphism. So, if a finite subcollection of U is not empty, then it
is contractible, as desired. Since U/ = T?, then by Theorem 2.3, the nerve complex N (i)
is homotopy equivalent to T2.

Now, we argue that N(U) is homotopy equivalent to K. To see this, we recall that
M, = {m.(0) : oisa facet in VR(Z?* k)}. Let 7 be a maximal simplex in K. Then
7 = 7,(0) for some 0 € M(VR(Z?;k)). By Lemma 4.1, 0 € M(VR(Z?% k)) if and only if

NecoBr2 (z, 1) is non-empty. As noted above, for any finite subcollection A C { Bg:(z,

2 2

x € Z*}, we have that N.A is homeomorphic to m,(N.A). Thus, 7, (Nyeo Br2 (2, ££1)) is homeo-

morphic to Nyep Brz (2, 211), so 7 = m,(0) is a simplex in K if and only if 7, (Nyep Bre (z, £2L))
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NaecoTn(Bre(z, 1)) # 0. Hence, by the definition of the nerve complex (see Section 2.7),
N(U) is homotopy equivalent to K, so K ~ T2
Finally, when n > 3k, the collection of facets in the complex VR(T),,: k) is M, by

Lemma 3.7. Therefore, in this case, VR(T},,; k) is homotopy equivalent to T?. O

4.1 Homotopy types of VR(T3k sx; k)

In this section we obtain the homotopy types along the - diagonal in Table 1.1;
specifically, we show that VR(Tsy 315 k) =~ Vg2 S? for & > 2. The path to this proof is
as follows. We first recall from our classification of maximal simplices in Section 3 that
M(VR(Tsx 315 k) = Msg i U N3 (see Lemma 3.6). Theorem 4.2 establishes that Mgy, is
homotopy equivalent to T?. Hence, to yield our result, it suffices to understand how the
homotopy type of T? changes as we attach the 6k* simplices from Ny .

In Lemma 4.4, we show that attaching two simplices from N3 ,—one covering the central
hole and another covering a longitudinal circle—yields a complex homotopy equivalent to
S2. Subsequently, in Theorem 4.5, we use Lemma 4.3 (see [12] for a proof) to successively
affix the remaining 6k* — 2 triangles from N3y, ;. Each attachment yields an additional wedge

summand of S?, and a simple induction completes the result.

Lemma 4.3. Suppose a simplicial compler K = K1 U Ky satisfies that the inclusion maps

1 KiNKy— Ky and 1 : K1 N Ky — Ky are both null-homotopic. Then

K~ Kl VKQ\/E(KlﬂKg)

Lemma 4.4. Assume that k > 2. Let

71 = {([0], [0]), ([k], [0]), ([2k], [0} and > = {([0], [0]), ([0, [K]), ([0, [2K])}-
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Additionally, let K be the simplicial complex with M(K) = Msy U {m,72}. Then K is

homotopy equivalent to the sphere S2.

Proof. Consider the space R?/G3;. Let X be the cell complex obtained by gluing two disks,
say ¢; and ¢y, along the circles (R x {0})/G3, and and ({0} xR)/G%,, where G}, = 3kZ x {0}
and G2, = {0} X 3kZ. For clarity, the geometric object created here is a torus with its center
hole and meridional hole covered by disks.

Next, let X; be ]RQ/ng, and let Xy be the image of ¢; and ¢y under their gluing maps,
so X = X; U Xs. Since X5 is the wedge of two contractible spaces, then X, is contractible.
It is easy to see that X3 is a closed subcomplex of X. Thus, by [14, Proposition 0.17], X is
homotopy equivalent to X/X5. This quotient collapses the two 1-cells of X leaving us with
a 0-cell and 2-cell. This is precisely the cell complex of S?. Hence, X is homotopy equivalent
to S2.

Let K be the complex with M (K;) = Mk, and let Ky be the complex with M (K») =
{m,72}. Since n = 3k > 2k and k > 2, then by Theorem 4.2, K is homotopy equivalent
to T2, so K, is homotopy equivalent to X;. Additionally, since a disk is homeomorphic to a
triangle with interior, then it is clear that X5 is homeomorphic to K5. Now, consider K; M K5
and X;NXs. It is clear that the intersection X; N X5 results in the wedge of the boundary of
both of our disks. Similarly, K7 N K5 is the wedge of the boundaries of our triangles. Thus,
K, N K, and X; N X, are homotopy equivalent to S' V S'; moreover, it is easy to see that

K1 N Ky and X; N X, are homeomorphic.

o

Figure 4.1: Homeomorphism between X5 and Ks.
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Since K; is homotopy equivalent to X, let ¢ : X; — K7 be a homotopy equivalence.
Similarly, fix a homeomorphism ¢, : X9 — K5. Note that, we may choose ¢; and s such
that p1]4 = 2|4 = po where ¢ is a homeomorphism from A to L, which yields the following

commutative diagram.

X1 < > A < > X2
®1 %0 lcpz
Kl < > [« > K2

Since A — X; and L — K are inclusions of CW-subcomplexes, then each of these maps is
a closed cofibration. By [6, 7.5.7], we have the following commutative diagram where ¢ is a
homotopy equivalence. Thus, since X = X; U X, is homotopy equivalent to S?, then so is

K = K, U K,, as desired.

A < > X2
Xl)l " X
L > K2
X1 < > X1 UX2
Y \\\\cp
<+ \\5 NA
Kl < > K1 U K2

Theorem 4.5. For k > 2, we have the homotopy equivalence

VR(Taars k) ~ \/ S™

6k2—1

Proof. By 3.6, we have that M(VR(T3x3x; k)) = Magx U Najx. There are 6k? distinct 2-
simplices in Nsj ;. Moreover, it is easy to see that the intersection of any two simplices in

N3y i, is at most a vertex.
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Take the simplices og2 = {([0], [0]), ([¥], [0]), ([2&], [0])} and ogx2—1 = {([0], [0]), ([0], [£]),
([0], [2K])} in N, and let K be the complex such that M(K) = M3y U {062, ogr2_1}. By
Lemma 4.4, K is homotopy equivalent to the sphere S?. Denote the remaining elements of
Nsp, as 01,09, ..., 062_9.

Let K, be the complex created by including the simplices o4, ..., 0, in K. We show that
K is homotopy equivalent to \/, S? by induction. Firstly, since K is homotopy equivalent
to 52, then the £ = 0 case holds. Assume that K, ~\/, , S* for some ¢ < 6k* —2. Let K,

O¢+1

be the complex consisting of o,,; and all its sub-faces. This yields that K,y = K, U K,

041"

Since K,

Tet1 is homotopy equivalent to S!.

is a 2-simplex with boundary in K, then K,NK,,

041

For clarification, by Theorem 4.2, Mz, ;. is homotopy equivalent to T?, and K, , corresponds

L+1

to a disc covering either the central or meridional holes in T?, so K, N Ko, =8 L

— K,

oy, are null-

Next, we claim that »; : K, N K

0¢+1

— K, and 1 : K, N K

0¢+1

homotopic. #; is null-homotopic as K, N K,,,, can be contracted along either og,2 or og2_1.

2+1

Similarly, since K,

¢, has interior, then 2 is null-homotopic. Thus, by Lemma 4.3, K1 =~

KVK,, VI(KNK,, )~KVK,, V(S ~K VK, VS% Finally, since K,,_, is

2+1 £+1) +1 2+1 O¢+1

contractible, then K, ~ K,V S? ~ \/ng2 52 as desired.

4.2 Homotopy types of VR(Tsx_13k-1;k)

In this section we obtain the homotopy types along the teal diagonal in Table 1.1;
specifically, we show that VR(Tsx—13k-1; k) =~ Vp_35% V Vo S° for k > 3. The path to
this proof mirrors the strategy discussed above in Section 4.1. We begin by recalling that,
by Lemma 3.7, M (VR(T5k—13k-1;k)) = Ms_14 U Nsp_1 when k > 3. From Theorem 4.2,
we know that Mz, 4 is homotopy equivalent to T?. So, the problem reduces to understand-
ing how the homotopy type of T? changes as we attach the tetrahedra from Naj_; (see

Lemma 3.4).
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In Lemma 4.7, we show that attaching two tetrahedra from N3j_; ;—one covering the
central hole and another covering a longitudinal circle—yields a complex homotopy equiva-
lent to S2. Next, as in Theorem 4.5, we use Lemma 4.3 to successively attach the 6k — 2 full
subcomplexes of VR(T3x_13x—1; k) that correspond to the 3k — 1 longitudinal cycle graphs
and 3k —1 cycle graphs enclosing the central hole. Each attachment of some full subcomplex
L contributes a wedge summand of L V S2.

To determine the homotopy type of each such L, we use the following result of Adamaszek

from [1, Corollary 6.7]

Lemma 4.6. For anyn >3 and 0 <k < 3,

VLS if k= Shn
VR(C,: k) 20+1

20+1 b sy
S zf2£+1n<k< Tl

where VR(C,,; k) denotes the clique complex of the k-th power fo the cycle graph C,, as
introduced in Section 2.2. In particular, when n = 3k — 1, setting ¢ = 1, this result yields
that L ~ S3 when k > 3. Hence, each attachment of some full subcomplex L yields a wedge
summand of S3V S?%, and a simple inductive argument yields the final result.

We omit the proof of the following lemma, as it is follows from an argument analogous

to that of Lemma 4.4.

Lemma 4.7. Assume that k > 3. Let 7, = {([0], [0]), ([¥], [0]), ([2k — 1], [0]), ([2K], [0])} and
= {([0], [0]), ([0], [K]), ([0], [2k — 1]), ([0], [2k])} and let K be the simplicial complex with

M(K) = Msp_1 U {1, 72}. Then K is homotopy equivalent to the sphere S*.

Theorem 4.8. For k > 3, we have the homotopy equivalence

VR(Tgk_Lgk_l;]{?) ~ \/ 52 V \/ SB.
6k—3 6k—2
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Proof. For each a € Z, let L. be the full subcomplex of VR(T3j_13,_1; k) with vertices
having first coordinate [a]. Similarly, for each b € Z, let L} be the full subcomplex of
VR(Ts5-13k-1; k) with vertices having second coordinate [b]. Notice that, for each a, the
vertex set of L! corresponds to a cycle of 3k — 1 vertices on T? enclosing the the meridional
hole. Similarly, L? corresponds to a cycle of 3k — 1 vertices on T? enclosing the central
hole. From this, it is easy to see that the full subcomplexes L} and L? are isomorphic to
VR(Csk-1; k) (see Lemma 3.4).

By Lemma 4.6, L} ~ L? ~ S3 when k > 3. Moreover, if £ = {L}, L} : a,b € Z}, then
it is easy to see that the intersection of any pair from £ is at most a vertex. Let K be the
simplicial complex with M (K) = Msi_1,U{01, 02} where oy = {([0], [0]), ([0], [k]), ([0], [2k —
1)), (0], [2k])} and o2 = {([0], [0]), ([K], [0]), ([2k — 1],0), ([2k],[0])}. By Lemma 4.7, K is

homotopy equivalent to S%. Notice that we have

VR(Tapo1ar-1:k) = KU | J Lo u | L2,

a€L beZ

Next, since any maximal simplex in Ms;_; ; consists of at most £ sequential vertices in
the vertex set of L}, then KN L} is a subcomplex with maximal simplices {([a], [0]), ([a], [0+
2k —1]), (la], [b+2k]) }, {(lal], [b]), ([a], [b+2K])}, and {([a], [b+K]), ([a], [b+2k]), ([a], [0+ 2k —

1])}. Hence, when a # 0, K N L} is homotopy equivalent to S'(See Figure 4.2).
U3 U3 U3
(7 V2 V4 V2

v ™ Us v Y Us V1

V6 v8 U6 U8

vy U7 VU7

Figure 4.2: KNL! ~ 8! when k = 2.
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When a = 0, it is easy to see that KNL] is contractible through 1. Thus, by Lemma 4.3,
KUL)~KVLIVS(KNLY) ~ S?VvS3VE(x) = S?Vv SV~ 5%V 83 Moreover, we claim
that KULJULZ ~ S?Vv.S3VvS3. Analogous to the above argument, K'UL{NLZ is contractible
through oy. Hence, KUL ) U L2~ KUL{V LZVE(K UL NLE) ~ S? Vv S3V SV E(x) ~
CEAVACEAVACES

Let K, be the complex created by taking the union of K UL}UL2 with £ unique elements
from L\{Lg, L§}. We claim that K, ~ \/,,,S*V \/,,,S® Firstly, since K U Lj U L} ~
5?2V S3 Vv S3 then the ¢ = 0 case holds. Next, suppose that our claim holds for K,, and
let L € L\{L}, L3} be an element not in the union K,. Since the intersection of any pair
in £ is at most a vertex, it is easy to see that K, N L = K N L ~ S'. Moreover, the
inclusion ¢, : K, N L — K, is null-homotopic because K, N L can be contracted along either
L} or L% depending on L’s orientation, and 1, : K, N L — L is null-homotopic trivially.
Hence, by Lemma 4.3, K, UL ~ K,V LVX(K,NL) ~\/,,,S*VV,,, S5V S VIS ~
Vige 2V Voo VSV S22V 40y 82V Vg i) S5

Since L\{L{, L2} contains 3k — 2 + 3k — 2 = 6k — 4 elements, then by induction, we

have that VR(Tsr—136-1; k) 2 V_35* V Vo 5%, as desired.

A proof of the k = 2 case of the above theorem can be found in [3, Theorem 5.13].

33



1]

Bibliography

Michal Adamaszek. Clique complexes and graph powers. Israel Journal of Mathematics,
196(1):295-319, 2013.

Michal Adamaszek and Henry Adams. The Vietoris—Rips complexes of a circle. Pacific
Journal of Mathematics, 290:1-40, 2017.

Henry Adams, Adenike Yeside Adetowubo, Hector Barriga-Acosta, Zigin Feng, and
John Sterling. Vietoris-rips complexes of torus grids, 2025.

Ulrich Bauer. Ripser: efficient computation of Vietoris—Rips persistence barcodes. Jour-
nal of Applied and Computational Topology, pages 391-423, 2021.

Paul Bendich, James S Marron, Ezra Miller, Alex Pieloch, and Sean Skwerer. Persistent
homology analysis of brain artery trees. The Annals of Applied Statistics, 10(1):198,
2016.

Ronald Brown. Topology and Groupoids. http://www.groupoids.org.uk/, Deganwy,
United Kingdom, 2006.

Gunnar Carlsson. Topology and data. Bulletin of the American Mathematical Society,
46(2):255-308, 20009.

Gunnar Carlsson, Tigran Ishkhanov, Vin de Silva, and Afra Zomorodian. On the lo-

cal behavior of spaces of natural images. International Journal of Computer Vision,
76(1):1-12, 2008.

Erin W. Chambers, Vin de Silva, Jeff Erickson, and Robert Ghrist. Rips complexes of
planar point sets. arXiww: Geometric Topology, 2007.

Herbert Edelsbrunner and John L Harer. Computational Topology: An Introduction.
American Mathematical Society, Providence, 2010.

Ziqgin Feng. Homotopy types of Vietoris—Rips complexes of hypercube graphs. Journal
of Topology and Analysis, 2025.

S. Goyal, S. Shukla, and A. Singh. Topology of clique complexes of line graphs. Art
Discrete Appl. Math., 5(2):Papaer No. 2.06, 12, 2022.

34



[13]

[14]
[15]

[16]

[17]

[18]

[19]

[20]

[21]

Mikhael Gromov. Hyperbolic groups. In Stephen M Gersten, editor, Essays in Group
Theory. Springer, 1987.

Allen Hatcher. Algebraic Topology. Cambridge University Press, Cambridge, 2002.

Jean-Claude Hausmann. On the Vietoris—Rips complexes and a cohomology theory for
metric spaces. Annals of Mathematics Studies, 138:175-188, 1995.

Janko Latschev. Vietoris—Rips complexes of metric spaces near a closed Riemannian
manifold. Archiv der Mathematik, 77(6):522-528, 2001.

Shawn Martin, Aidan Thompson, Evangelos A Coutsias, and Jean-Paul Watson. Topol-
ogy of cyclo-octane energy landscape. The Journal of Chemical Physics, 132(23):234115,
2010.

Nada Saleh, Thomas Titz Mite, and Stefan Witzel. Vietoris—Rips complexes of platonic
solids. arXiv preprint arXiw:2302.14388, 2023.

Leopold Vietoris. Uber den hoheren Zusammenhang kompakter Raume und eine Klasse
von zusammenhangstreuen Abbildungen. Mathematische Annalen, 97(1):454-472, 1927.

Ziga Virk. Contractibility of the Rips complexes of integer lattices via local domination.
Transactions of the American Mathematical Society, 2024.

Ziga Virk. 1-dimensional intrinsic persistence of geodesic spaces. Journal of Topology
and Analysis, 12(01):169-207, September 2018.

35



	Abstract
	Acknowledgments
	List of Figures
	List of Tables
	Introduction
	Preliminaries
	Metric Spaces
	Graphs
	Torus Grid Graphs
	Simplicial complexes
	CW complexes
	Vietoris–Rips complexes
	Nerve complexes
	Homology
	Homotopy types

	Maximal Simplices
	Homotopy Types
	Homotopy types of VR(T3k,3k;k)
	Homotopy types of VR(T3k-1,3k-1;k)

	Bibliography

