
Q 9 Solns. John Sterling

1. The graph below most represents the gradient field of which function.

Proof. Our options (alongside their gradients) are

a) f(x, y) = y2 + x2 + 10 =⇒ ∇f(x, y) = ⟨2x, 2y⟩

b) f(x, y) = yex =⇒ ∇f(x, y) = ⟨exy, ex⟩

c) f(x, y) = y
x

=⇒ ∇f(x, y) = ⟨−y/x2, 1/x⟩

d) f(x, y) = y2 − x2 − 10 =⇒ ∇f(x, y) = ⟨−2x, 2y⟩

e) f(x, y) = xey =⇒ ∇f(x, y) = ⟨ey, xey⟩.

Looking at the point (1, 0), a) outputs ⟨2, 0⟩, which doesn’t match our graph. Similarly, b) outputs

⟨0, e⟩, c) outputs ⟨0, 1⟩, and d) outputs ⟨1, 1⟩, and each of these outputs do not match out graph.

Thus, the only option is d.

2. Let C be the curve r(t) = ⟨cos t, sin t, t⟩, t ∈ [0, π/2] and f(x, y, z) = xy, then what is∫
C
f(x, y, z)ds?

Proof. Since ds = |r′(t)|dt, then in terms of our parameterization∫
C

f(x, y, z)ds =

∫ π/2

0

f(r(t))|r′(t)|dt.

Since r′(t) = ⟨− sin t, cos t, 1⟩, then |r′(t)| =
√
sin2 t+ cos2 t+ 1 =

√
2. Moreover, by definition,

f(r(t)) = cos t sin t. Thus, our integral becomes



∫ π/2

0

f(r(t))|r′(t)|dt =
∫ π/2

0

sin t cos t
√
2dt.

Letting u = sin t, then du = cos tdt, so we have that∫ π/2

0

sin t cos t
√
2dt =

√
2

∫ 1

0

udu =
√
2

[
u2

2

]1
0

=

√
2

2
=

1√
2
.

Therefore, the correct option is D.
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